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When an open system comes into contact with several thermal baths, the entropy produced by the irreversible

processes (dS; =dS — )", d0,/T,) keeps increasing, and this entropy production rate is always non-negative.
However, when the system comes into contact with nonthermal baths containing quantum coherence or squeezing,
this entropy production formula does not apply. In this paper, we study the increasing rate of mutual information
between an open system and its environment. In the case of canonical thermal baths, we prove that this mutual

information production rate could return exactly to the previous entropy production rate. Furthermore, we study
an example of a single boson mode that comes into contact with multiple squeezed thermal baths, where the
conventional entropy production rate does not apply, and we find that this mutual information production rate
remains non-negative, which indicates a monotonic increase in the correlation between the system and its

environment.
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I. INTRODUCTION

The entropy change of a system can be considered to
come from two origins, i.e., dS = dS. + dS; [1-4], where d S,
comes from the exchange with external sources, and it could
be either positive or negative; dS; is the entropy change due
to the irreversible processes. Then the second law is simply
stated as dS;/dt > 0, which means the entropy produced by
the irreversible processes always increases, and Rep := d S;/dt
is called the entropy production rate (EPr).

When the system comes into contact with a thermal bath
with temperature 7', we have dS. =dQ/T (hereafter we refer
to this as the thermal entropy), where dQ is the heat flowing
into the system. If we have multiple independent thermal baths
with different temperatures 7, (Fig. 1), the EPr becomes

ds; _dS 1.dQ,

dr  dt —~ T, di

= Rep’ (1)

where dQ,, is the heat coming from bath-« [1,4].
Furthermore, when an open quantum system is weakly

coupled with multiple thermal baths, its dynamics can usually

be described by the following Lindblad (GKSL) equation [5,6]:

p=ilp,Hsl+ ) Lalpl, (2)

where L[ p] describes the dissipation due to bath-«. Utilizing
S[p] = —tr[pIn p] and Q, = tr[Hs - Lo[p]], the EPr (1) can
be rewritten as the following Spohn formula (denoted as Rs,
hereafter) [7-12]:

Rep = Ztr[/ja[p](ln p& —1np)] := Rsp. 3)

o

Here we call p@ = Z! exp[—Hs/ T, the partial steady state
associated with bath-o, satisfying L,[p{*’] = 0. It can be
proved that Rg, > 0, which means the irreversible entropy
production keeps increasing (see the proof in Appendix A or
Refs. [7,8]).

However, in the above discussion, the thermal entropy
dS. =dQ/T only applies for canonical thermal baths. If the
bath is some noncanonical state containing quantum coherence
or squeezing [13—15], the temperature is not well defined, thus
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it is no longer proper to use dQ/T for dS. [16], and the
relations Re, = Rgp, or Rep > 0 no longer hold either.

Therefore, for such nonthermal baths, the conventional
thermodynamic description of the EPr does not apply, and
it is believed that the corrections on work [17—19], or excess
heat [16], should be considered in these baths. .

Here we replace the thermal entropy term —Q,/T, by
the von Neumann entropy of bath-c«, Sp, = —tr[0py In ppe]-
Furthermore, we assume that the multiple baths are indepen-
dent from each other, thus we obtain Za Sso = Sp. Then this
generalization becomes
% + % = %(55 + Sp — Ssp) = %ISB~ “4)
Here SSB = 0 since the total system S + B evolves unitarily,’
and Zgp := Sg + Sp — Sgp is just the mutual information
between the system and its environment, which measures
their correlation [20-25]. Therefore, we call Ry the mutual
information production rate (MIPr).

Rz has a clear physical meaning: a positive Rz indicates
that the correlation between the system and its environment
is increasing. In the following, we are going to show that
this MIPr (4) indeed has quite a close connection with the
previous EPr (1). For thermal baths of the open system, we can
prove that this MIPr could return exactly to the conventional
thermodynamic description of the EPr in the weak-coupling
limit, namely Rz = R.p. That means, for a thermal bath,
that conventional entropy production can be equivalently
interpreted as mutual information production, and the second
law statement (Rz =)R., > 0 can also be understood as the
system-bath correlation always keeps increasing.

Furthermore, we will study an example of a single boson
contacted with multiple squeezed thermal baths. In this
case, the conventional EPr does not apply. We calculate
the MIPr under the weak-coupling limit and the Markovian

Rr =

AIS[,OSB] = —tr[psp In psp] = —i tr[psp M In psg —
HpspIn psp] =0, where H is the Hamiltonian of the total
S 4 B system.
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FIG. 1. Demonstration for an open quantum system (.S) interact-
ing with its environment composed of multiple baths (B, ). The baths
are independent from each other, and they do not have to be canonical
thermal states.

approximation, and we find that it is exactly equal to the Spohn
formula for nonthermal baths, thus we can prove Rz > 0,
which means that the monotonic increase of the system-bath
correlation also holds in this squeezed bath example.

II. MUTUAL INFORMATION PRODUCTION IN
THERMAL BATHS

We consider first a system that is coupled with sev-
eral thermal baths In this case, the initial state of bath-
o is ppe(0) = Z7 exp[— HBa/T] Assuming pp,(t) does
not change too much during evolution [26-28], we have
In ppy(t) = In[0ps(0) + 8p0:] = In[pp4(0)] + 0(8p;), thus the
entropy change of bath-« is

_Hpy
. T
Sy = —tr[ppa(t)In pp(1)] = —tr| ppe(t) In
1d , O,
= — —(Hp,) ~ — ==, 5
T dt( Ba) T, @)

Here —%(I—A] Bo) 1s the energy loss of bath-«, while Qa is the
energy gain of the system from bath-«, and they are equal to
each other in the weak-coupling limit. Assuming the baths are
independent from each other, pg(f) = [], ppo(t), the MIPr
becomes

& = Rep. (6)

RIZSS+ZSBa=SS_ T
o o

o
Therefore, for thermal baths, the MIPr (4) is equal to the
conventional thermodynamic description of the EPr (1).
Thus, the second law statement R, > 0 is equivalent to
Rz > 0, which means the mutual information between the
system and its environment continues to increase monotoni-
cally. This can be understood as an equivalent statement for
the entropy production when the baths are canonical thermal
baths. We notice that this equivalence was also shown in the
“correlation entropy” approach [21,22,25].
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III. MUTUAL INFORMATION PRODUCTION IN
SQUEEZED BATHS

Now we study an example of a single boson mode
interacting with multiple squeezed thermal baths [11,14,15].
In this case, the thermal entropy dS. =dQ/T cannot be used,
and nor can the EPr (1). Here we calculate the MIPr (4), and we
will prove that it is equal to the Spohn formula for nonthermal
baths, thus it could remain non-negative, Ry > 0.

A. Master equation and Spohn formula

The Hamiltonians of the single boson mode and the
bosonic bath are Hs = Qafa, Az =", Hpa, and Hpy =
D Dak bakbak, and they interact through Vg = D> atB, +
czBJr Here Ba => gakbak is the operator of bath-«, and the
1n1t1a1 states of the baths are squeezed thermal baths (hereafter,
all the density matrices are written in the interaction picture),

L b Ans)
Z, ’

1 A
= l_[exp |:§)‘Zkb§k
k

Here S, is the squeezing operator for the boson modes in
bath-«. With the Born-Markovian approximation, we obtain
a master equation p = Y L,[p] for the open system alone
[26,29], where

Iog(x = IBC( = To;l’

Hc] Ak = Faxe”'% . (7)

[na(za pa — {aa',p}) + (i, + 1(2apa’

{@h*eh)

Lylp]l =
—{aT&,pn — fig(2a'pa’ —

— & (2apa — (@, p)).
The coupling spectra of the squeezed bath-o are
Jo(@) := 271 3 1gak IP8(0 — wak) and Ky(w) =

2r Yy, giké(w — wgr). Without loss of generality, we
omit the phase of gox and thus K,(w) = K} (@) = Ju(®).

Here we denote 1y, := J,(2) = K,(2), and the
parameters i, := A, (2), i, := Uy(2) are calculated
from Ry (wy) 1= tr[pgal;lkl;ak], Uo (@) = —tr[pl,b%] (see

Appendix B). The master equation gives
Vo~
Y@ G ==Ll -

ZVO{ na _n(x] (8)

i Sla) =

Ql
Qt

Here we denote 7, :=afa, and (6(¢)) :=
variables in the rotating frame.’

tr[po(t)] gives

2Here p is in the interaction picture, but 6 is in the Schrodinger
picture, thus we have (a(¢)) = (a(t))e™"*. Here (6(t)) stands for
observable expectations, which are independent of pictures, and (6())
are variables in the rotating frame, thus in Eq. (8) the dependence of
the system frequency €2 is canceled.
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The partial steady states p{*, which satisfy L,[p*] = 0,
are now squeezed thermal states,

1 N
P = —— expl—foQS.a'as],

o

1 .
S, :=exp [—(E{*Az H.c. )], Ly = )”ak|wk:9 = I’aelo‘X.
)

Here S, is a squeezing operator for the system. Although

the baths are not thermal, we can still write down the Spohn
_ (@)
formula Rs, = ), RSID , where

RS = trlLa[p)In p© — In p)]

D= Xa — tr[La[p]1n p], (10)

and we can prove that Rg;) 0 and Rs, > 0 also hold in this
nonthermal case (Appendix A).

However, since the above Spohn formula Rg, for nonther-
mal baths no longer comes from the thermodynamic EPr (1), its
physical meaning is unclear now. In the thermal case, the first
term in Ré‘;), Xa = tr[Ly[p]In ,05‘3)] gives the changing rate
of the thermal entropy (x, = — Oy / T,). But for the squeezed
case, it becomes

Q
X = T—ya(cosh2ra[(ﬁa(t)) — fig] — § sinh 2r,

x e % [(@X(1)) — fig] + Hec.)). an

It is difficult to tell the physical meaning of this quantity. In
the following, we will show that indeed Eq. (11) is just the
changing rate of the von Neumann entropy of bath-a, i.e.,
Xe = Spa, and then Eq. (10) leads directly to

Rp=) Ry =S5+ Spa=Rr. (12

o

B. Bath entropy dynamics

Now we are going to calculate the entropy changing rate
S of bath-a directly. To do this, we adopt the same trick as in
the thermal case. Assuming the squeezed baths do not change
too much (interaction picture), the entropy of the bath evolves
as

d —By Sy Hpo ST
ZS[pBaa)]:—tr[pBa(r)ln XL P Sutly “]}

Zy
d

=7 (Cosh 2o (Y (Do (1))

1 3 .
+3 sinh 2r [(B, (1))~ + H.c.]).
(13)

Thus, the calculation of the bath entropy is now reduced to
calculating the time derivative of the expectations of the bath
operators such as (Elk(t)l;ak(t)) and (Eik(t)).

This can be done with the help of the Heisen-

berg equations, by = —iwekbor —igh,a, and 4 = —iQ2a —
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iy, gakﬁak, which lead to the quantum Langevin equation
[29-31]

d

ar’
HereI" := ), . is the total decay rate, and y,, are the same as
those in the master equation; @) = Y £,(1) is the random
force, and &£,(r) 1= i > Gaikbar(0)e ™! is the contribution
from bath-¢. Thus a(t) and l;ak(t) evolve as

- _ia— %Fa _ €. (14)

t
a(l‘) = &(O)e—lﬂt—g[ — / ds e—lQ(l—y)_g(I_S)gA(s)’
0

t
ba(t) = bai(0)e ™' —ig, / ds e O =95(s). (15)
0

To further calculate the bath entropy change, we are now
going to demonstrate that the following two relations hold in
the weak-coupling limit and the Markovian approximation:

d -
ar N filblybar) = (Qyal(iia) — fial,
k

d N
T2 0B + Hee, = —h(@)l(@®) — ] + Hee.,
k

(16)

where f; and b, are arbitrary coefficients depending on k.

If we set fi = G cosh2ryr, b = 55 sinh 2rgge” at  and
sum up the above two equations, then the left side 51mply
gives SBa [Eq. (13)]; at the same time, the right side is just
equal to x, [Eq. (11)]. Thus we can prove x, = Spq, i.€., the
term x, = tr[In p{*’L4[p]] in the Spohn formula is just the
changing rate of the von Neumann entropy of bath-«.

In addition, if we set f; = wy and h; = 0, the above
relations lead to —(H3a> QVel(fiy) — fig] = —QO,, which
means the energy loss of bath-« is equal to the energy gain of
the system from bath-« [as we utilized in the discussion below

Eq. (5)].
The calculation of Eq. (16) goes as follows:
d T ) ra
a7 Z fi(bobar) = Z i 8k (@' Do) + H.c.
k k

=D 0 [igak (@' (Obar(0))e ™" + | gai|®

k
t
x / ds eiw"k(ts)(&T(t)&(s))} + H.c.
0
(17)
The first term in the brackets can be further calculated by
substituting a(¢) [Eq. (15)],

3 fui gar (@l (0)bar(0))e " + Hec.
k

! 0 ~
=) felgal? /0 ds @0~ 3109 (BT, (0)(0)) + Hec.
k

— / ds[ / 49 i@l T, (w)f(w)na(w)]+Hc
0 0 27?
(18)

012139-3



SHENG-WEN LI

Assuming the frequency integral in the brackets gives a fast-
decaying function of (r — s), we extend the time integral to
t — oo (Markovian approximation), and that gives

_/ 6211_:|:/ ds ei(Q—w)s—éFs:IJa(w)f(w)ﬁa(a)) + H.c.
0 0

=- / QO ) S —
o 21" : (%)2 + (0 — Q)?
~ —{(Q)Yafia- (19)

The last line holds in the weak-coupling limit I' <« Q
because the Lorentzian function in the integral approaches
278(w — Q).

To calculate the second term of Eq. (17), we should
notice that (a'(£)a(s)) = (@t (s)a(s))e@= 2= holds for ¢ >
s (quantum regression theorem [26,30]). Here (0,(¢)d2(s))
is a correlation function in the rotating frame, defined by
(01(2)02(s5)) = tr[01 &30, Esp(0)] for ¢ > s [26], where 0,
are operators in the Schrodinger picture, & is the evolution
operator solved from the above master equation in the inter-
action picture, and p(t) = &,_;p(s). Similarly, (0 (t)0,(s)) are
correlation functions in the nonrotating frame. Thus the second
term of Eq. (17) gives

t
> filganl? / ds e =@l (t)a(s)) + Hee.
k 0

- / = f(@)Jo (@) {7 (1)) / Tdseeo e,
0o 27 0

=(iia(1)) / T o )
e 2am T 4 (0 — @p

Va(§2)(71a(1)). (20)

Again we adopted the Markovian approximations as before,
and (7i,(s)) is taken out of the integral directly.

Therefore, summing up Eqgs. (19) and (20), we obtain the
first relation in Eq. (16). The second relation can be obtained
in a similar way (see Appendix B). Then, by setting proper
coefficients f; and b, in Eq. (16), we can prove x, = Spa»
and further Rz = Rsp. Since we can prove the Spohn formula
Rsp > 0, the MIPr Rz also remains positive, which means
that the system-bath mutual information, or their correlation,
continues to increase monotonically in this nonthermal case.

IV. SUMMARY

In this paper, we study the production of mutual information
between a system and its environment. We find that this
MIPr (4) has a close connection with the conventional
thermodynamic description of the EPr (1): when the baths of
the open system are canonical thermal baths, this MIPr could
return exactly to the previous EPr. Therefore, the second law
statement R., > 0 can be understood equivalently as saying
the system-bath correlation always keeps increasing.

In addition, we also study an example of a single boson
mode coming into contact with multiple squeezed thermal
baths. In this case, the temperatures of the baths are not well
defined, and the previous EPr does not apply. We proved that
the MIPr is still positive, which means the monotonic increase
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of the system-bath correlation also exists in this case. It is
definitely worthwhile to study the MIPr in more nonthermal
systems.

We remark that the proof for the positivity of the MIPr
and the Spohn formula relies on the fact that the dynamics
of the system can be well described by a Markovian master
equation with the Lindblad (GKSL) form. If this is not fulfilled
[22,28,32,33], the positivity cannot be guaranteed.

Our study indicates that it is the system-bath correlation
that keeps increasing monotonically, although the total S + B
system evolves unitarily. This idea is also consistent with some
other fundamental studies on thermodynamics, such as the
local relaxation hypothesis [34], entanglement-based thermo-
dynamics [35], and the mutual information understanding of
Blackhole radiation [36].
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APPENDIX A: PROOF FOR THE POSITIVITY OF THE
SPOHN FORMULA

Now we prove that the Spohn formula Rg;, is positive also
for nonthermal baths. Namely, for a Lindblad (GKSL) master
equation such as [5,6]

p=ilp, Hsl+ ) Lalpl :=ilp, Hs] + LIp],

Lalpl = Z VanbVy, — %{VJ,,, Vs £}, (A1)
we have
RSy = [ Lalplin ol ~Inp)] > 0,
Rsy =) RS >0, (A2)

where p{® is the partial steady state satisfying L£,[p{'] = 0.
The operator L,[p] describes the dissipation to bath-c, which
does not have to be a thermal bath, and p{*’ is not necessarily
a thermal state.

Our proof follows from Ref. [7], where a single bath was
concerned and the EPr was defined by the relative entropy
[15,37],

d
o= —ES[p(t) Il oss] = tlLlpl(In ps —Inp)].  (A3)

Here pgs is the steady state of the system satisfying L[ 5] = 0.
This is equivalent to Eq. (A2) when only one single bath
is concerned. This EPr based on relative entropy always
gives 0 = 0 at the steady state, even for the nonequilibrium
steady state when there are multiple baths, and usually a
steady nonequilibrium flux exists. However, the EPr we
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used [Eq. (A2)] will remain nonzero in this case, which Now we need the Lieb theorem [38], i.e., the functional
means the irreversible entropy is still being produced in the — f{"'[p] = —tr[p?Vp'~4 V] is convex for VO g <l,ie,
nonequilibrium steady state.

The proof for the positivity of Eq. (A2) is as follows. f( )[)»1,01 T ] < )\lf(v) [o1] + )sz(V)[pz] (A5)

Proof: Since the master equation has Lindblad (GKSL)

form, we obtain
At g =0, f—olpl = —tr[VpVT] is a linear map satisfying

U’[ﬁa[l)] lnp] = Ztr[Va,nPVJ,n IHP VT anpln ;0] f()[)qp] =+ )\.2,02] = )L[f()[pl] + Xzfo[pz],thereforethe deriva-
n tive 3, f\") 1= ’l[fq(_‘:i f{M]is also convex around g = 0,
(A4) which reads

|
0y £ 1plg=0 = tlp? Vo'~ In pVT — p?In pVp' ="Vl ,co = tlVIVpInp — VpViiInp] := —tfLy[p] - Inpl.  (A6)

Here we denoted Ly [p] := VpVT — —{VTV p}. Thus, we obtain the following relation (A > 0):

0, Vo + (1 = 0)p@] = —te[Ly 1o + (1 — 1)o@ In[rp + (1 — 1)p@]]
<20, £V 1p] + (1= )3, £ 10 = =1 ulLy[plIn p] — (1 = Myu[Ly [p& ] n o). (A7)

Since the Lindblad operator can be written as Lq[p] =), I:Vu_,, [p], from the above relation we obtain
—tr[La[2o + (1 = Vo] In[1p + (1 = )] < —At[Lo[p]Inp] — (1 — Mtr[La[p] In p&]. (A8)

Here L, is a linear operator, thus L, [Ap0 + (1 — 2)p{®] = ALy[p] + (1 — 1)Lo[p@]. Remember that we require £, [p®] = 0,
thus the above inequality becomes

—rt[Lalpln[ip + (1 = 0)p]] < —At[Lolp]In p]. (A9)

In the limit A — 0T, we obtain
tr[Lalp](In p&’ —Inp)] = RG> 0. (A10)
Therefore, we have Rg, = Y R(“) > 0. [ ]

APPENDIX B: PROPERTIES OF A SQUEEZED BATH AND THE MASTER EQUATION
1. Squeezed bath properties

Here we show some basic properties of a squeezed thermal bath. The Hamiltonian of the bath is Hy = Dk a)k@};l;k, and the
squeezed thermal state is
; 1 N
ppi=SpuS's  puwi= Z expl—p Hpl. (B
Here S is the squeezing operator for the boson bath,
) . QS . i
S:=[]s0). s = exp SHbBE —He. |, hci=re™ (e > 0), (B2)
k
and s is the squeezing operator for mode b, in the bath. They satisfy
) A A ! 51\ — 2521 B ! 2 1 pT\2 _ a*521 b
5 0bese (i) = bi+ | S [ B)" = 2ibe] bi | + 5 [xk(b = 1] | S [ B = 2] be| | + -+
= by — M} +l|x 1*by — l,\ IAe)2b] — —|,\ [*b + - - = by coshry — ble® sinhr
= D kg Sy 10K = Akl Ao = Akl o = Dx & — by k>

sk (u)bist () = by coshry + ble'™ sinh ry. (B3)
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Thus we have
Oy := —tr[ ppb}] = —tr[pths,tﬁksks,téksk] = —tr[ pn(bx coshry — I3Zei9k sinh r)(by cosh ry — I;,temk sinh )]
= cosh ry sinh rge'% (20, + 1) = €% sinh 21, <ﬁk + %) (B4)

Ay = tr{pbl bl = tr[pns.blsistbisi] = tr[pn(bl coshry — bre % sinhr)(by coshry — bl e'® sinh ry)]

(BS)

1 1
= cosh? ey + sinh? ri(my 4+ 1) = cosh 2ry (ﬁk + 5) — 57

where 0y, := [exp(Bwy) — 177! is the Planck distribution.

2. Master equation derivation

Now we derive the master equation for a single boson mode (Hs = Qafa) interacting with a squeezed boson bath. The
interaction Hamiltonian is Vsg = @Bt + a1 B, where B = » « &bk, and the master equation is derived by

b= —try / dsTVs(t — ), [Vss(0), p(t) @ pp]]
0

=trp f ds[Vsp(t — $)p(t)ppVsp(t) — Vsg(t — s)Vsp(t)p(t)ps] + Hec. (B6)
0

Here we use 6(t) to denote the operators in the interaction picture, and a(t) = ae "%, by(t) = bre~iod We adopted the Born
approximation psp(t) >~ p(t) ® pp, and
1

pp(t) = pip = = expl—B SH,S']. (B7)

We define the coupling spectrum as

J@):=) lald@—w), K@) =) giso—w). (B8)
k k

We omit the phase of g, thus we have K (w) = J(w) = K*(w). Here is the calculation for some terms:

/OO dstrpla'(t — s)B(t — s)p(t)ppa(t)B'(1)] = /OO dsa'pae ™ up[pg BT 0)B(t — 5)]
0

Il
Q)

/ / ds e @) = syRalpa, (B
/ ) dstp[a'c — $)B(t — s)p(t)ppa’ (1) B(1)] = / dsatpale e~ Pty [py B(1)B(r — 5)]
0

do [ oo . . 1
= —aT,o&Tez’Q’f / ds e ¥l e HO K (w)li(w) = —Eyﬁ&Tp&T,
0

(B10)
where y = J(R2) = K(£2) and
. _ 1 1 _ o _ 1
fi = cosh2rq HQ+§ — 5 i = ¢'"? sinh 2rq HQ+§ . B11)
We omitted all the principal integrals in the above calculation. Thus the master equation is (interaction picture)
s il atos — Liaat 5 soat — Liata
p=yi|a'pa— E{aa 0} | +yv@+ Diapa' — E{a a,p}
1 .:5 Y U
—yii(a'pa’ — 5{(61') o} ) +yut|apa — 5{(61) 0} ) (B12)
From the above master equation, we obtain
Lao=-La, Laa =yl -1, L@ =@ -a (B13)
dt 2" dt ¢ ' dt '
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In the steady state, we have (a)g = 0, (@a@)s = fi, and (a2) = ii. Thus we can verify that the steady state is
1 4 1 1 ,
pu = — expl-pQSa'asS!,  S=exp [—Ec*az - Eacﬂ)z}, £ =0 g (B14)

Here S is a squeezing operator for the system, and we remark that the above pgs is in the interaction picture. When the single
boson is coupled with multiple squeezed baths, the generalization is straightforward, as shown in the main text.

3. Time correlation functions

From the above equations of (G(#)), we obtain (a(t)) = (@(s)e 209 (t > ). According to the quantum regression theorem,
we know that the time correlation functions satisfy the following equations (¢ > s) [26,30]:

d _. Vi d _ Vo
4 __ Vs a4 -_r
T (@a'@yacs)) = 5 (@'@)acs)), T (amia(s)) = > (a@a(s)). (B15)

Here (01(¢)0,(s)) are correlation functions in the rotating frame, defined by (6,(¢)d,(s)) = tr[6; &30, E;p(0)] for t > s [26],
where 6, , are operators in the Schrodinger picture and &, is the evolution operator solved from the above master equation in

the interaction picture [Eq. (B12)], and p(r) = & _;p(s). Similarly, (61(¢)0,(s)) are correlation functions without adopting the
rotating frame, and we have

(@' (na(s) = (@' 0a)e ™ = (@' (s)as)e e 30,
(@(nacs)) = @nacs)e ¥ = (@ (s))e eI N2, (B16)
This can also be calculated using the Langevin equation & = —iQa — %y& — £(1) (here we only consider one single bath),

e.g.,

s

@' acs)) = <[af(s)e<"9—¥><’-5> — / dr em-¥><f—”>§T(/)]&(s)>

t s
— (&T(s)&(s))e(iﬂ—%)(f—é‘) _/ dr’ e(iQ—Z)(f—t')<§T(t/)I:&(O)e(—ifz—g)é‘ _/ ds/e<—i9—£)(s—s/>§(s/)}>
0

A

t N
= (af(s)a(s))e D=9 4 / dr’ / ds' eS8 g(H1O=D6=5D £1(1)E ("))
K 0

Under the Markovian approximation, we have (£1(t)é(s")) ~ 8(t' — s") [27,30]. In addition, notice that in the above double
integral we have 0 < s’ < s < ¢’ < 1, thus the above integral gives zero.

4. Bath entropy change

Now we show the calculation for the second relation of Eq. (16) in the main text. Using the Heisenberg equation, we obtain

d ~ A : ! ; :
T OBl 0) + Hee. = Y —idgh [(fz(r)bakm»e'“wk’ — gl fo ds e"“ﬂk<’+“<&<z)&(s>>] +He.  (BI7)
k k

The first term in the brackets is further calculated by substituting a(¢) [Eq. (15)], and it gives

t
; r A~
= 2lgul*bi / ds e 1@ @+ 30=9(52, (0)) + H.c.
k 0

[

o0 d o0 . ) -
2 / @ / ds Jo(@)h(w)e @515 (w) + Hec.
0o 2w Jo

= o [T ) | @@ .
= 2/0 5 Ja(a)){% Q) +H.c.:| >~ yu [H(Q2)liy + Hc.]. (B18)

Here we applied the Markovian approximation and the weak-coupling limit I' « Q. The second term of Eq. (B17) can be
calculated with the help of the relation (quantum regression theorem)

(a()a(s)) = (@(s))e 4 I UN==30=9)  fors > g, (B19)
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and it leads to
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t
= D28 hre ! / ds e " a(a(s)) + He.
& 0

12

-2 / ”2@Ka(w)h(wez"(”*ﬂ”<a2<r)>
JT

oo ] -
/ ds e @==3b 4 He.
0

2

e oo d_a) KO,(CD)[](CO)EZi(w_Q)t o >
2(a (0)/0 [ T +He. | = —ya[h(){@a" (1)) + He.].

(B20)

Thus, summing up Eqgs. (B18) and (B20), we finish our calculation,

d -
2 be(B(0) + Hee. =~ @yl (@(1) — ] + He.
k

(B21)
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